A comparison of conservative upwind difference schemes for the euler equations  by Glaister, P.
ELSEVIER 
An Intemational Journal 
Available online at www.sciencedirect.com computers & 
• c , . .~ .C~o, . . cT ,  mathematics 
with applications 
Computers and Mathematics with Applications 51 (2006) 879-888 
www.elsevier.com/locate/camwa 
A Comparison of 
Conservative Upwind Difference 
for the Euler Equations 
Schemes 
P .  GLA ISTER 
Department of Mathematics, P.O. Box 220 
University of Reading, RG6 6AX, U.K. 
(Received October 2005; accepted November 2005) 
Abstract- -Numerical  results are presented and compared for three conservative upwind differ- 
ence schemes for the Euler equations when applied to two standard test problems. This includes 
consideration of the effect of treating part of the flux balance as a source, and a comparison of dif- 
ferent averaging of the flow variables. Two of the schemes are also shown to be equivalent in their 
implementation, while being different in construction and having different approximate Jacobians. 
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1. INTRODUCTION 
In a recent paper [1], a numerical upwind scheme for the Euler equations, which govern com- 
pressible flows of an ideal gas, was considered. The scheme, which is based on a flux balance 
distribution method, was compared with an existing scheme, and an alternative conservative lin- 
earisation was also presented, although no numerical results were presented. In this paper, we 
present a numerical comparison of these schemes when applied to a classical shock tube problem 
and a shock reflection problem, including the effect of treating part of the flux balance as a source 
term. 
2. THE GOVERNING EQUATIONS 
The unsteady one-dimensional Euler equations governing the compressible flow of an ideal gas 
can be written in conservation form as 
u t + fz  = 0, (2.1) 
where 
u = (p, pu, e) T (2.2) 
are the conserved variables, and the flux function, 
f__(u) = (pu, p + pu 2, u(e + p)) T,  (2.3) 
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together with 
p 1 2 
e - + -~pu . (2.4) 
~-1  
The quantities (p, u,p ,  e) = (p ,u ,p ,  e) (x ,  t) represent the density, velocity, pressure, and total 
energy of the fluid, respectively, at a general position x and at time t. The constant 3, denotes 
the ratio of specific heat capacities of the fluid. For future reference, the quasilinear form of 
equation (2.1) is given by 
u_ t + Au~ = 0, (2.5) 
where the Jacobian of the flux function f is given by 
where 
A~f  = 
U 
0 1 0 
,y-1 
a 2 1"7-2 3 ua2 (3 -27)  u2+__  3'u 
t 'Tu  ~=i  2 3 ' -1  
(2 .6 )  
a 2 = (2 .7 )  
p 
3. CONSERVATIVE  L INEARISAT ION 
The numerical schemes in [1] are based on a conservative lincarisation approach which can be 
described, briefly, as follows. For a given cell C in the numerical grid, with a flux balance 
L dx = - = = (3.1) _@ 
denoting the change in flux balance across the boundaries of the cell, then a numerical approxi- 
mation to ~ can be defined by 
= -Axf. = -AxJ_~x, (3.2) 
where Ax is the cell length and i indicates a discretised quantity. Having determined the precise 
form for (~, the distribution of the flux balance to the nodes at either end of the cell is then made 
using upwinding. Conservation requires that the overall contribution to the nodes depends only 
on the boundary conditions. Thus, for a linearisation represented by (3.2) to be conservative, 
the sum over the computational domain of the ~ should reduce to boundary conditions alone. 
It follows from (3.1) that a linearisation is conservative if ~ = 4) for each cell, and the resulting 
scheme is conservative provided all of the discrete flux balance is distributed to the nodes of the 
grid. We now summarise the schemes in [1]. 
4. NUMERICAL  SCHEMES 
Simple linearisations of the Euler equations can be achieved by seeking discrete Jacobians J 
in (3.2) which allow _~ to be easily decomposed into components and then an application of the 
upwinding technique is made. By evaluating the Jacobian consistently from some average cell 
state z_-, so that  
J = f~_ (_~) = A (zZ), (4.1) 
for some parameter  vector  
_z = !(__u), (4.2) 
which is assumed to vary linearly in space within each cell, then an important consequence is 
that z x is locally constant and so the conservative flux balance can be written as 
- -  - -  " - - -Z - -  
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A conservative linearisation is then given by 
_,:_ (l_,._,.)z:., (4.4) 
where the corresponding discrete gradient (evaluated under the assumption oflinearly varying z) 
is given by 
~ _ zn  - z._____~L _ A z (45)  
Ax Ax' 
It follows that the discrete gradient of the conservative ariables can be written as 
1 /c  A---~/c 1 ( / c )  ~-~ = -~x u x dx = u__~_z_x dx  = -~x  U z_ dx  Z~ (4.6) 
and thus, from (4.4) and (4.6), the discrete conservative flux balance is given by 
--1 
~=~=-AX( /c fzdx)  : . .  (4.7) 
Thus, the discrete conservative flux balance (3.2) is given by (4.7) in which ~ = u-~ and 
, =,.__ (i_,._,.) (1,._,.)-'. (4.8) 
4.1 .  Scheme 1 
The first scheme is based on the parameter vector, 
z = (p, ~ ,p)T  (4 .9 )  
- -  ) 
and using the overbar i to indicate the consistent evaluation of a quantity solely derived from 
the cell-average state given by 
1 
Z = ~ (ZL +zR) (4.10) 
has 
where the matrices 
A (_~) -- 
J~_ = A (Z) + Kz_ + L~_, (4.11) 
0 +1 7u0 / 3~ 2 (3 - 7)~ 7 - 1 7 
2 
~2 2 3 1 7pu 3--27~ 2 _~1 7P 
7 -1  ~ 2 7--1 
(4.12) 
o i) , , , , . ( i o  o) - -  3 -7  0 , Lz -  12~ -1  0 , 
- 24 -7~ 3 - -~  0 
(see [1] for a derivation of this). The flux balance in (4.7) then can be written as 
@~ = -Ax (A (z:) + Kz + L~_) --x = ~ + qz, 
(4.13a,b) 
(4.14) 
where that part of the flux balance: 
-~--z_ = -AxA (Z) ~x (4.15) 
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is handled in the usual upwinding sense, and the term 
0 
3 ~ ~Ap (Au) 2 
q_z_ = -Ax  (K~_ + L~)_~x = (4.16) 
is treated as a 'source' which is expected to be negligible in smooth flows, but to have an effect 
at discontinuities. The gradient gx in (4.15) is projected onto the local eigenveetors of A(-2), for 
which the eigenvalues and eigenvectors are 
,h (Z) = ~ + a, m 
_e i(2_)= 1 ,~+5,7_1  + ~2_4_~g , 1,~, ~2 
(4.17a-c) 
(4.18a-c) 
where  
representing approximations to the continuous values 
(4.19a,b) 
( ( • Ai  : U t= a, u, e i = 1, u i a, + lu2  4- ua 1, u, . (4.20a-f) 
7 - -1  2 
4.2 Scheme 2 
An alternative to Scheme 1 is one based on upwinding but where the construction of the 
approximate Jacobian is different and is via an approximate Riemann problem. The scheme 
is based on arithmetic averaging and can be described in terms of the approximate Jacobian 
matrix A, giving rise to the flux balance, 
= -AAu_  : -AxA._~:~, (4.21) 
where the gradient _~ is given by 
A_u 
-% = hT  (4.22) 
The flux balance is distributed according to the upwind philosophy, and thus the eigenvalues and 
eigenvectors of A are required. The expressions for this scheme are given in [1] by 
A ---- £2 (3 - -y )~ ~/-  1 , (4.23) 
P(7 - I )  P(7 - i )  + 2 
ii =~4-5 ,~,  (4.24a-c) 
-~,2 = 1, ~ 4- fi, :~-g + 4- ~& (4.25a,b) 
7 -1  
1z-g : (i,~, ~ -(1/4)(%~)~ < 
~-1 ] (4.26e) 
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where 
and 
1 
= v ~ ,  ~ = 5 (u~ + ~ + ~) '  
-b = ~ (bL + bR), for b = p, u, p, u 2, 
Z 
(4.27a,b) 
(4.28a-d) 
V/_~Tp 1 = + ~(Au)  2. (4.29) 
4.3. Scheme 3 
For Scheme 2, a conservative linearisation along the lines of Scheme 1 can be generated by 
splitting the matrix in (4.23) as / o / 
~2 (3 - ~,)~ ~ - 1 
~2 (3 - ~)~ 7 - 1 
(~)  /~o~ 
~3 u'Tp 7~ -3~ 2 - 7~ 2 7~ 
p(~--1) p(~ - 1------~ + 2 
+ 
0 0 0 
(~) /~-~ o o 
3 (~)~(~ ~ ~/~-~/o 
=A+L,  
where the corresponding flux balance, 
= -AAu - LAu,  (4.31) 
is distributed using upwinding for the first term, and the second term is treated as a source. 
Further, the matrix L simplifies to (o 
1 (Au) 2 ~/ -  3 0 . (4.32) 
(~ - 2 )~ -1  
However, the matrix A in (4.3O) is precisely the matrix A(z_-) in (4.12), and thus, from (4.11) 
and (4.30), the key difference is in the matrices L and K a + La. The corresponding eigenvalues 
and eigenvectors of A are then given by (4.17a)-(4.19b). The flux balance in (4.7) can then be 
written as 
_~ = - (~ + L-) ~u = ~+q,  (4.33) 
where ~ is the same as ~_ in (4.15), and the source term q can be simplified as 
0 / 
3 7Ap(Au)2 
q = -LAu  = 8 (4.34) 
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which is precisely the same as the source q-z_ in (4.16). Thus, although the matrices A(Z) in (4.11) 
and A in (4.30) are the same, giving the same flux ~_ = ~, and the matrices K~_+ L~ in (4.11) 
and L in (4.30) are different, the corresponding sources q_~ and q are identical. The reason for 
this is that, despite 
Kz+Lz- -L -  (3-~, )Au ( 0 0 0 )  
- - 12~ -A(pu)  Z~p 0 #0,  
-~A(pu) ~Ap 0 
(4.35) 
we have 
(Kz+L~-- i )Au (3 - 'y )Au  ( 0 0 i )  ( AA1p:u ) 
- - - -  12~ -A(pu)  Ap  ) 
-~A(pu) ~Ap 
= 0. (4.36) 
This means that Schemes 2 and 3 are identical in their implementation, while being constructed 
differently and having different approximate Jacobians. 
4.4. Summary  
Summarising, Scheme 1 is based on a conservative linearisation using a particular parameter 
vector and for which one part of the flux is handled using upwinding, and the other is treated as a 
source. Scheme 2, however, is based on a different construction of the approximate Jacobian via 
an approximate Riemann problem. In this case all of the flux is handled using upwinding without 
a source. Finally, Scheme 3 is a conservative linearisation of Scheme 2 of the form described for 
Scheme 1, and we have shown that, while Schemes 1 and 3 are not identical in construction, or 
in their approximate Jacobians, they are equivalent in their implementation. 
5. TEST  PROBLEMS 
5.1. Shock Tube Prob lem 
The first problem is an open-ended shock tube with initial data, 
{ ' 1,0,1, 0<x_<~,  
(p ,u ,p )  = 1 
0.125,0,0-1,  ~ <x< 1, 
together with ~ = 1 • 4. This represents two regions of a gas, initially at rest, of two different 
densities and held at two different pressures either side of a membrane at x = 1/2, which is then 
removed. The main features of the exact solution are a shock moving to the right, followed by 
a contact discontinuity, also moving to the right, but more slowly, and an expansion fan moving 
to the left. 
5.2. Shock Ref lect ion Prob lem 
The second problem is concerned with shock reflection in a shock tube which is closed at one 
end, x = 0, with initial data, 
(p, u,p) = (1,-1,p0) 
together with ~ = 5/3 and initial pressure Po > 0. This represents a gas of constant density and 
pressure moving towards x = 0. The boundary at x = 0 is a rigid wall and the exact solution 
describes shock reflection from the wall. The initial pressure p0 is chosen to give different strengths 
for the reflected shock. 
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Figure 1. Shock tube problem using Scheme 1. 
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Figure 2. Shock tube problem using Scheme 2. 
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Figure 3. Shock reflection problem using Scheme 1. 
0 !-------~ 
-0.2 
-0.4 
-0.6 
-0.8 
-1 
0 0,2 0.4 0.6 0.8 
X 
r'~ 
2 
1.5 
1 
0.5 
0 
0 
- -  exact solution 
approximate solution 
0.2 0.4 0.6 0.8 
X 
Figure 4. Shock reflection problem using Scheme 2. 
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Figure 5. Shock reflection problem using Scheme 1. 
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6. NUMERICAL  RESULTS 
6.1. Shock  Tube  Prob lem 
The numerical results, together with the exact solution, for the density p, velocity u, and pres- 
sure p are shown in Figure 1 for Scheme 1 (which is equivalent to Scheme 3). The corresponding 
results using Scheme 2 are shown in Figure 2. In both cases, 100 mesh points have been used 
and the output time is t = 0.  144. In both cases we see that all features, including the shock 
and contact, have been captured well, and the results are comparable across both schemes, both 
qualitatively and quantitatively. 
6.2. Shock  Ref lect ion  Prob lem 
The numerical results, together with the exact solution, for the density p, velocity u, and 
pressure p are shown in Figures 3-6. Figures 3 and 4 represent he cases where the initial 
pressure p0 has been chosen to give shock strengths of 5 and 10, respectively, using Scheme 1, 
where 100 mesh points have been used and the shock has moved a distance of 0 • 3. Figures 5 
and 6 show the corresponding results using Scheme 2 for the same two shock strengths. In all 
cases, we see that the shock has been captured well, and is moving at the correct speed, and the 
results fbr both cases of shock strength are comparable across both schemes, both qualitatively 
and quantitatively. 
7. CONCLUSIONS 
All schemes presented produce good results for the shock tube and shock reflection problems for 
different shock strengths, including the capture of the shock. Further, these comparable results 
are achieved regardless of whether the flux balance is upwinded, or separated into one part which 
is upwinded and the remainder which is treated as a source. This also demonstrates that treating 
part of the flux balance as a source has no effect on the quality or accuracy of the solution. 
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